described. The approach uses Bayesian model selection to calculate a collection of 23 probability-weighted, species-specific response curves (SRCs) for each taxon within a 24 training set, with an explicit treatment for zero abundances. These SRCs are used to 25 reconstruct the environmental variable from sub-fossilised assemblages. The approach 26 enables a substantial increase in computational efficiency (several orders of magnitude) 27 over existing Bayesian methodologies. 28
The model is developed from the Surface Water Acidification Programme 29 In order to understand future environmental and climatic changes, it is necessary to 44 understand how they may have changed in the past; the demand for such data is 45 increasing to define the boundary conditions and validate the predictions of Earth System 46 models (Birks 2003) . Species require particular environmental conditions for 47 reproduction and growth, so a species assemblage is likely to reflect the local 48 environment. By applying the principal of Uniformitarianism (Rymer 1978) , the analysis 49 of sub-fossilised assemblages preserved in e.g. lake and ocean sediments can be a 50 powerful tool to derive past conditions. Since the development of the first quantitative 51 approach of Imbrie and Kipp (1971) an approach similar in spirit to the response surface method (Huntley 1993 ) via the 92 MCMC modelling of pollen response functions in two-dimensional climate space. 93
The method described here applies Bayesian model selection to derive a 94 collection of probability-weighted, species-specific response curves for each taxon within 95 a training set, with an explicit treatment for zero abundances. This enables an analytical 96 solution to be derived from species abundance data, avoiding the need for MCMC 97 integration, resulting in a very substantial ( represented by the matrix X, where x i is the value in site i and i x the reconstructed value. 112
The percentage abundance of taxon k in the fossil sample is y k0 and the reconstructed 113 value 0 x . 114 115
Probability distribution of species counts 116 117
The probability p ik that taxon k is present in site i is assumed to follow a Gaussian 118 distribution about some optimum value u k of the environmental variable x i (c.f. Kühl et al. 119 2002): 120
(1) 122 123 where p k is the probability that the species is present at its optimum and tolerance τ k is a 124 measure of how far away from its optimum a species can survive. The probability that the 125 species is absent is given by (1 -p ik ). Although alternative unimodal response curves 126 could be fitted, a Gaussian model represents a compromise between ecological realism 127 and simplicity (ter Braak and van Dam 1989). The Gaussian model does not preclude a 128 uniform probability of presence; a hypothetical species found in all training set lakes 129 would, for instance, be described with p k =1 and τ k →∞, so that the probability of presence 130 is 1 for all values of x i .
If a species is present, the expected abundance N ik is also assumed to follow a 132 
The second measure of tolerance t k describes how far away from its optimum a species 138 can exist at high abundance. N k is the expected abundance (given presence) at the species 139 optimum. Although it is not a requirement of the methodology to assume that p ik and N ik 140 are both maximised at u k , it seems reasonable to assume that any pH related process 141 which maximises the probability of species presence is also likely to maximise the 142 expected species count; analysis of the Surface Water Acidification Program training set 143 (SWAP; Stevenson et al 1991) does not suggest this is a poor assumption. 144
As the expressions for p ik and N ik are of the same analytical form, Equation 1 can 145 be written (using Equation 2) in terms of the squared ratio of the tolerances,
This enables a convenient representation to couch the models in terms of parameters 150 which are presumably independent (so that the joint prior distribution can be determined 151 from the individual priors). 152
The variable P k allows different distributions for N ik and p ik . Low values (P k <1) 153 are required to model species which are common across the environmental gradient butexhibit clear abundance peaks, suggesting that although they need near optimum 155 conditions in order to flourish and dominate an assemblage, they can survive even when 156 conditions are far removed from this optimum. In contrast, the need to allow high values 157 (P k >1) is less clear, on the assumption that any pH related process which reduces the 158 ability of a species to survive would also affect its ability to flourish in high numbers. 159
Data for Achnanthes marginulata is plotted in Figure 1 as an example of a distribution 160 described by P k <1. With a modelled optimum u k =5.07 pH units, the taxon is found in 161 77% of the 117 SWAP lakes of pH <6 at an average abundance of 5.5% (maximum 162 46.9%). It is still found in 56% of the 50 lakes of pH >6, although at a much reduced 163 average abundance of 0.9% (maximum 3.6%) i.e. while the probability of presence is not 164 substantially reduced in the more alkaline lakes, the expected count is greatly reduced, 165
The probability of a non-zero count y ik of species k in site i at a given value of x i is 167 assumed to follow an exponential decay, with decay constant 1/N ik (from Equation 2), 168 normalised so that the total probability of all non-zero counts is equal to the probability of 169
with the probability of a zero count given by; 174
Alternative distributions for non-zero counts are possible; the exponential profile 178 is essentially empirical, having been found to provide the best fit SWAP as determined by 179
Bayesian model selection (i.e. maximising the posterior ratio of alternative distributions). 180 Alternative probability distributions considered were a Gaussian distribution about the 181 expected abundance and a uniform distribution. The exponential distribution reflects the 182 observation that most species counts are lower than the expected abundance, presumably 183 because other variables and/or inter-species competition often limit species abundance, 184 even near the pH optimum for the species (Lancaster and Belyea 2006 so that a series of SRCs are ascribed to each species, each of different probability, which 210 we write as prob(SRC jk ). The mechanics of this procedure are described in some detail in 211 the Appendix. 212
Common species are well constrained by the training set and are associated with a 213 few SRCs of high probability whereas rare species, especially those which do not exhibit 214 a clear unimodal response, can be associated with many significant SRCs. We define 215 "significant" for these purposes, somewhat arbitrarily, by a probability > 10% of the most 216 likely SRC, but note that all SRCs are included in the reconstruction so this choice does 217 not affect the calculation. Although conventional statistics quantify uncertainty through 218 the standard errors of the regression coefficients for each taxon, these errors are not 219 incorporated into the reconstruction. In contrast, by assigning a probability to each SRC 220 and using them all in the reconstruction, the uncertainty, in particular the uncertainty 221 associated with rare taxa, is explicitly incorporated into the Bayesian reconstruction. 
An alternative likelihood function L p (x 0 |presence k0 ) is also calculated. This 230 ignores the species count, assuming the species presence alone provides a valid, although 231 less constrained, solution: 232 suggests environmental conditions are likely to be away from the species optimum). This 250 is illustrated in Figure 1c for Achnanthes marginulata and reflects the increased 251 frequency of low counts towards the tails of the distribution (Figure 1b combines all possible SRCs. This is apparent in Figure 1c ; species response for pH<4.5 is 257 not well defined by the training set and an asymmetric likelihood function which allows 258 for the possibility of a low pH results, even when the species is observed at high 259 abundance. 260
The likelihood functions of the species comprising an assemblage are combined to 261
give the posterior probability distribution for the reconstructed variable: 262
This is calculated across the environmental range and normalised. The term prob(x 0 ) is 266 the a priori probability distribution for the environmental variable. A uniform prior 267 between the limits 3→9pH units is applied in the calculations described here; these limitsare sufficiently distant that the prior for lake pH has no impact upon the solution. Only 269 species with an abundance ≥2% are included in the reconstructions presented here 270 (although all species counts, including zero counts, are incorporated into the SRC 271 calculation). The inclusion of species below 2% does not improve performance statistics 272 in this data-set, presumably because very low abundance species exhibit broad likelihood 273 functions (see e.g. Figure 1c This data set was screened to derive a pruned training set of 167 lakes (Birks et al. 1990) , 309 outliers being removed using multivariate techniques or if the error of prediction was 310 greater than 0.75pH units in weighted averaging both with and without tolerance 311 downweighting. pH explains 8.1% of the total variance in the diatom assemblages (Birks 312 The model is applied to reconstructions of acidification in the Round Loch of 315
Glenhead which has played a key role in acidification studies for 25 years ( The five SRC variables are each assigned uniform priors with limits provided in Table 1 . 332
The most important prior is that of the SRC optima; mathematically valid but 333 ecologically unrealistic SRCs exist well beyond the limits of the training set. Vasko et al. suggests that there is little, if any, merit to the more demanding model and that the 362 decision to restrict P k ≤1 on ecological grounds has not impaired model performance. In 363 fact, a model which restricts P k to a single value also exhibits similar performance 364 statistics when optimised at P k ~0.7. Although the model does not appear to be sensitive 365 to the exact form of the P k prior, further investigation of different proxies and/or 366 environmental variables may enable a fuller understanding of the role of this variable. 367
The Bayesian approach does not define a specific predicted value, but rather 368 ascribes a probability to all possible values. For comparative purposes it is useful to 369 define the point prediction as the expectation of the posterior: 370
The model is evaluated in terms of five performance criteria: (i) root mean 374 squared error (RMSE), (ii) root mean squared error of prediction (RMSEP), obtained by 375 leave-one-out (jack-knifed) cross validation (Efron 1983 ) and a more realistic measure of 376 performance than RMSE, (iii) coefficient of determination (r 2 ) between measured and 377 jack-knifed reconstructed pH, (iv) maximum bias, calculated as the maximum of the 378 average jack-knifed bias within 10 equal intervals across the environmental gradient (ter 379 is not used to define reconstruction error. Performance characteristics are generally 385 similar to existing methods (see Table 2 assemblages, a result which suggests the need for further analysis of the reconstructionsfor poor analogue sites within the training set. In contrast, periods of environmental 523 instability do appear to be associated with high uncertainty although it may not be 524 appropriate to assume a causal relationship at this stage. 525
The power that derives from an explicit calculation of uncertainty is the ability to 526 combine reconstructions from independent data, in particular from independent proxies to 527 derive a multiproxy reconstruction. Although smoothing techniques such as LOESS 528 (Cleveland 1979 These authors note the potential, in theory at least, for a Bayesian approach to perform a 533 self-consistent, multiproxy, multi-core analysis, modelling climate as a stochastically 534 structured space-time process, whilst simultaneously resolving dating uncertainties. 535
A secondary benefit of the Bayesian approach is the transparency of the solutions. 536
Each species can be removed from the reconstruction in turn and the contribution of that 537 species to the posterior quantified in terms of both its contribution to the expected pH and 538 to the uncertainty. Figure 6 plots the data for the uncommon (observed in 12 of the 167 539 SWAP lakes) species Aulacoseira ambigua which dominates the assemblage of 540
Hagasjon; the poorly characterised response of the dominant taxon in the assemblage 541 explains the large uncertainty associated with Hagasjon and the very different 542 reconstruction values derived from alternative methodologies. Fig 6a plots the training set  543 species counts, the black point being the count in Hagasjon, and the curve the N ik 544 distribution defined by the most probable jack-knifed SRC. Very many significant SRCs(126, as defined by a probability >10% of the most probable SRC) produce the relatively 546 broad likelihood function (given the very high abundance) that is plotted as the dashed 547 line in Fig 6b; there are few counts of the species so the SRCs are poorly constrained. 548
The solid black line in Fig 6b plots the jack-knifed of Glenhead display similar trends to WA-PLS reconstructions but the Bayesian approach 574 reconstructs extreme pH more accurately and is more sensitive to small changes in the 575 diatom assemblage. The transparency of the Bayesian solutions reveal that this increased 576 sensitivity derives from "low-count" species which are only ever found at low 577 abundances (and hence have little effect on WA-based reconstructions) but can result in 578 narrow Bayesian likelihood functions when relatively high counts are made. 579
The posteriors appear to meaningfully quantify assemblage-specific uncertainty, 580 although some caution should be exercised with very tightly constrained solutions; 3 581 from 87 lakes with ∆<0.3 pH units are not predicted to the 99% probability interval in 582 jack-knifed reconstructions. The Bayesian calculations here exhibit substantially greater 583 variability in reconstruction uncertainty than is implied by sample-specific RMSEP. 584
The incorporation of a binomial error structure into the model may improve 585 performance by enabling the incorporation of very low abundance, and possibly absent, 586 species into the reconstruction, although substantial improvements are presumably 587 unlikely for species-rich (e.g. diatom) assemblages. Any performance improvements 588 would need to be weighed against the inevitable reduction in computational efficiency. 589
The model is relatively simple, although apparently adequate, and substantial 590 increases in computational efficiency are displayed over existing Bayesian approaches,opening up the possibility for application to multiproxy studies. Independent proxies 592 provide independent reconstructions of an environmental variable; the Bayesian approach 593 enables a quantitative evaluation of the consistency of these different reconstructions, 594 potentially assisting the validation of palaeoreconstructions in general and helping to 595 identify potential problems that may be associated with migrational lags, disequilibriated 596 assemblages, taphonomy, taxonomy or evolution of species response. Independent 597 reconstructions can be combined into a single multiproxy reconstruction; this is, in theory 598 at least, more robustly achievable in a Bayesian framework due to the assemblage-599 specific probability distributions associated with each proxy. Several (potentially species-600 poor) assemblages could be combined to yield a single "organism-rich" assemblage and 601 
The probability of occurrence of taxon k in site 1 given SRC 1k is given by 637 
For the second lake, a similar calculation gives prob(y 2k | SRC 1k , x 2 ) = 0.80%. 647
The first two steps of the calculation are the same for the third lake, but the zero count 648 
